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Abstract Let H be a real Hilbert space. Let F:D(F) C H - H, K:D(K)CH—~> H
be bounded and continuous mappings where D(F) and D(K) are closed convex subsets of
H. We introduce and consider the following system of variational inequalities: find [u*, v*] €
D(F) x D(K) such that

(Fu* —v*, x —u*) >0, x € D(F),

(Kv* +u*, y —v*) >0, ye D).
This system of variational inequalities is closely related to a pseudomonotone variational
inequality. The well-known projection method is extended to develop a mixed projection
method for solving this system of variational inequalities. No invertibility assumption is

imposed on F and K. The operators K and F also need not be defined on compact subsets
of H.

Keywords Hilbert space - Variational inequality - Pseudomonotonicity - Mixed projection
method
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1 Introductions and preliminaries

Let H be a real Hilbert space with norm and inner product denoted by || - || and (-, -), respec-
tively. Let F : D(F) € H — H be a nonlinear operator, where the domain of F is a
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nonempty closed convex subset of H. The classical variational inequality problem is to find
x* € D(F) such that

(Fx*,x —x™) >0, Vxe D(F).

A survey on the variational inequality problem in finite-dimensional spaces was done by
Harker and Pang [6]. In [6], the reader will find motivations, examples, results, and a vast
bibliography. Various iterative methods have been suggested and proposed for solving var-
iational inequalities. In particular, the projection method and its variant forms have widely
been studied and applied to solving variational inequalities and various generalizations of
variational inequalities; see for example [18-20].

Let A be an operator with domain and range denoted by D(A) and R(A), respectively. In
what follows, we recall some concepts which will be used in the sequel.

Definition 1.1 [3] Let A : D(A) € H — H be a mapping.
(1) A is called monotone if
(Ax — Ay, x —y) =0, Vx,ye D(A);

(ii) A is called maximal monotone if it is monotone and R(/ +rA) = H foreachr > 0,
where [ is the identity mapping on H and R(I 4 r A) denotes the range of (I +rA);

(iii)) A is said to satisfy the range condition if cl(D(A)) € R(I + rA) foreachr > 0
where cl(D(A)) denotes the closure of the set D(A);

(iv) A is called uniformly monotone if there exists a strictly increasing function ¢ :
[0, o0) — [0, 00) with ¢ (0) = 0 such that

(Ax = Ay, x —y) = ¢(llx — yID.

The notion of monotone operators was introduced independently by Zarantonello [17]
and Minty [9]. In Definition 1.1 (iv), if ¢(r) = ty(¢) for ¥ : [0,00) — [0, c0) with
¥ (0) = 0,  strictly increasing, then A is called y-strongly monotone; if there exists k > 0
suchthat¢ () = kr2, then A is called strongly monotone. We have the following implications:

strong monotonicity = ¥ — strong monotonicity = uniform monotonicity

=> monotonicity.

It is well known that interest in monotone mappings stems mainly from their firm con-
nection with equations of evolution. Several problems that arise in differential equations, for
instance, elliptic boundary value problems whose linear parts possess Green’s function, can
be put in operator form as

u+ KFu=0, (1.1)

where K and F are monotone operators (see [4] for more details).

Recently, Chidume and Zegeye [4] introduced a method that contains an auxiliary oper-
ator, defined in an appropriate real Banach space in terms of K and F which under certain
conditions, is 1r-strongly monotone whenever K and F are y-strongly monotone and whose
zeros are solutions of Eq. 1.1. Further, Chidume and Zegeye [3] employed this method to
obtain an auxiliary operator that is monotone whenever K and F /-strongly monotone and
to construct an iterative procedure that converges strongly to the solution of Eq. 1.1.

On the other hand, we first recall the concept of pseudomonotonicity. A mapping A :
D(A) € H — H is called pseudomonotone if for each x, y € D(A) there holds

(Ax,y —x)>0 = (Ay,y—x)>0.
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Pseudomonotonicity is understood here in the sense of Karamardian [8] and not in the sense
of Brézis [1]. The latter concerns some topological properties on the operator. A mapping
A : D(A) € H — H is strongly pseudomonotone [7] if there exists a constant x > 0 such
that for each x, y € D(A) there holds

(Ax,y —x) >0 = (Ay,y —x) >«ly—x|*

We illustrate hereafter the relationships (see [16,13]) between the monotonicity assump-
tion and some generalized monotonicity assumptions:

strong monotonicity = monotonicity

U 4

strong pseudomonotonicity = pseudomonotonicity

Let H be a real Hilbert space and let F : D(F) € H — H,K : D(K) € H — H be
non-linear mappings where D (F') and D(K) are closed convex subsets of H. Let us consider
the following system of variational inequalities: find [u*, v*] € D(F) x D(K) such that

( (Fu* —v*, x —u*) >0, x € D(F),

(Kv* +u*,y —v*) 2 0, ye D(K). (12

We define the set of all solutions of system (1.2) by
Q= {[u*,v*] € D(F) x D(K) : [u*, v*] satisfies system (1.2)}
The following is elementary.
Proposition 1.1 [3] Let H be a real Hilbert space. Let E := H x H with norm
lzllp = (lllgy + 01702, where z = [u, v].

Then E is a real Hilbert space and for w; = [u, vi], wa = [uz, v2] € E we have that
(w, wa) = (uy, uz) + (v, v2).

In the sequel we shall need the following results.

Lemma 1.1 [15] Let {8,};°, be a sequence of non-negative real numbers with

/311+] <(=6é)Bn+o0on, n=0,12,...,
where 8, € [0, 1], 2.2 438, = 0o and 0, = 0(8,). Then lim,,_, oo By = 0.

Theorem SR [12] Let H be a real Hilbert space. Let A C H x H be monotone with
cl(D(A)), the closure of D(A), convex and suppose that A satisfies the range condition:
cl(D(A) € R(I +rA),Vr > 0. Let J;x := (I +tA) " 'x, 1 > 0 be the resolvent of A and
assume that A_I(O) is nonempty. Then for each x € H, lim;,» Jix = Pgx € A_l(O)
where Pk is the metric projection from cl(D(A)) onto A~10).

Theorem TZ [14] Let H be a Hilbert space and let A : D(A) € H — H be a maximal
monotone mapping. Suppose that for some xo € D(A) and r > 0 we have ||Axp|| < r <
liminfyep(a),|x|—oo [AX]l. Then B, (0) = {x € E : |lx]| < r} € R(A).

Theorem CZ [2] Suppose K is a closed convex subset of a Hilbert space H. Suppose
A : K — H is a bounded uniformly monotone map and that the equation Ax = 0 has a
solution. For arbitrary x; € K, define the sequence {x,} iteratively by

Xnt1 = P (xy —anAxy), n>1, (1.3)
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where lim,,_, o o, = 0 and Z;’lozl o, = 00. Then there exists a constant dg > 0 such that if
0 < a, < do, then {x,} converges strongly to the unique solution of Ax = 0.

We remark that Theorems SR, TZ and CZ are, respectively, special cases of theorems
proved in more general Banach spaces in Reich [12] (Theorem 1, Remarks 1 and 2), Takah-
ashi and Zhang [14] and Chidume and Zegeye [2] (Theorem 3.8).

Lemma 1.2 [[3] Lemma 3.1]. Let H be a real Hilbert space. Let F : D(F) € H — H,
K : D(K) € H — H be monotone mappings. Let E := H x H with norm |z||3 =
||u||12q + IIUII% for z := [u,v] € E. Define a mapping T : D(F) x D(K) — E by
Tz =Tlu,v] :=[Fu—v,u+ Kv]. Then for each z1, zp € D(F) x D(K) we have that

(Tz1 — Tza,z1 — 22) = 0,

i.e., T is monotone. Moreover, if F and K are bounded, then T is bounded.

We remark that the method of proof of Lemma 3.1 [3] also yields that if F' and K are
uniformly monotone, then 7 is uniformly monotone with ¢ := min{¢, ¢>} where ¢ and
¢» are the strictly increasing functions corresponding to F and K, respectively.

Lemma 1.3 [11] Let {a,};2, (b} and {5,};2, be sequences of nonnegative real num-
bers satisfying the inequality

ap+1 = (1 +6y)an +b,, n=>0.

If 2020 8n < ooand > 7 b, < 0o, then lim,_, o a, exists. If in addition {a,}°°; has a
subsequence which converges strongly to zero, then lim, . a, = 0.

We shall need the following concept in the sequel.

Definition 1.2 [3] Let D and D, be subsets of a real Hilbert space H. Let F : D — H
and K : Dy — H be monotone mappings. Then D and D; are said to satisfy property (P)
if Dy C (I +rF)(D;) — D;yand D, C (I +rK)(Dy) + D, foreachr > 0.

Remark 1.1 If F and K satisfy the range condition and if D(F’) and D(K) contain the origin,
then condition (P) is satisfied. Moreover, if D(F) = D(K) = H and if K, F satisfy the
range condition, then condition (P) is clearly satisfied.

In 2004, Chidume and Zegeye [3] established the following important result on the iterative
approximation of solutions to equation (1.1).

Theorem 1.1 [3] Let H be a real Hilbert space. Let F : D(F) C H — H, K : D(K) C
H — H be bounded monotone mappings with R(F) € D(K) where D(F) and D(K) are
closed convex subsets of H satisfying property (P). Suppose that the equation 0 = u+ K Fu
has a solution in D(F). Let {A,} and {6, } be real sequences in (0, 1] satisfying the following
conditions:

1) im0, =0;
(i) zzozl Anbp =00, lim, o0 Ay /0, = 0
(iii) limn_wo(e’é—;‘ — 1)/ (A u6,) = 0. Let sequences {u,} € D(F) and {v,} € D(K) be
generated from ug € D(F) and vg € D(K), respectively, by

Up+1 = PD(F)(”n — M (Fup — vy + 6, (uy — wy))),
Un41 = PD(K)(vn — A (Kvy + up + 6, (v, — w2))),
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where w; € D(F), wy € D(K) are arbitrary but fixed. Then there exists d > 0 such that
if \, <dand X, /0, < d? for all n > 0, the sequences {u,} and {v,} converge strongly
to u* and v*, respectively, in H, where u™* is a solution of the equation 0 = u + K Fu and
v = Fu*.

2 Main results

Let H be a real Hilbert space with norm || - || and inner product (-, -), respectively. Following
Lemma 1.2, we let E := H x H be endowed with norm ||z||2E = ||u||%_1 + ||v||%1 for z =
[u, v] € E. Moreover, we define an auxiliary operator 7 : D(T) = D(F) x D(K) — E by

Tz=Tlu,v]:=[Fu—v,u—+ Kv], Vz=[u,v]e D(F)x D(K).
Theorem 2.1 Let H be areal Hilbert space. Let F : D(F) € H — H,K : D(K) C H —
H be bounded continuous mappings such that 7 : D(T) — E is pseudomonotone where

D(F) and D(K) are closed convex subsets of H. Suppose that Q2 # . Let {«,}, {A,} and
{6, } be real sequences in (0, 1] satisfying the following conditions:

1) 1m0y =0;
(i) 220:1 Anbp < 00, lim,o0 Ap/0p = 0;

Let sequences {u,} € D(F) and {v,} € D(K) be generated from uy € D(F) and

vo € D(K), respectively, by

[ Upt1 = (1 —ap)u, + anPD(F)(un — A (Fup — vy + 0, (up — wi))), 2.1)

Vpt1 = (I —ap)vy +05nPD(K)(Un — A (Kvy + uy + 0, (v — w2))),

where w; € D(F), wy € D(K) are arbitrary but fixed. Then there exists d > 0 such that
whenever A, < d and 1, /6, < d?*foralln > 0, {z,} converges strongly to an element of Q
if and only if lim inf,_, o d(z,, ) = 0, where z,, = [u,, v,], Vn > 0 and d(x, C) denotes
the distance of x to the set C in H.

Proof Recall that there holds the following equality
I2z1 + (1 = Mz2l* = Mzt + (1= Dllz2l* = A1 = |z — 22

forall zi,z2 € Hand 0 < A < 1.
“Necessity.” Suppose {z,} converges strongly to an element z* = [u*, v*] of . Then we
derive

d(zn, Q) <d(z,,2") =z — 2| = 0, asn — oo.
Hence,

liminf d(z,, 2) = 0.
n—o0

“Sufficiency.” Suppose lim inf,_, » d(z,, ) = 0. We divide the remainder of the proof
into several steps below.

Step 1. We claim that the sequences {u,} and {v,} conforming to (2.1) are well defined.
Indeed for initial point zg := [ug, vo], define the sequence {z,} by

Znt1 =L —ay)zy + anPD(F)XD(K) (zn — ATz + 6, (zn — w))), (2.2)
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for arbitrary but fixed w = [wy, wa]. One can show that z,+1 = [U,+1, Un+1]. In fact, it
suffices to show that Pp(ryx p(k)[u, vl = [Pp(ryu, Ppk)v]. Observe that
P u,v] — [u, v]|% = min u,v] — [x, 2
| Poryxpik)lu, vl — [u, vlllE et k) [z, v] — [x, ¥l g
= min  {llu—x|F + v — ylIE)
[x,yleD(F)x D(K) H M 2.3)
= ||Pp(ryu — ull?, + IIPpgyv — vll%
= [Pp(ryu — u, Ppxyv — v]n;
= [PpFyu, Ppxyv] — [u, v]lig
(equality (2.3) follows since || - % is a continuous and convex function). This implies that
| Poryxpxylu, v] = [u, vl = I[Ppryu, Pp)yv] — [u, v]||. Then by the uniqueness of

the projection we deduce that Pp(r)xpx)[u, vl = [Ppryu, Ppck)v]. Consequently, (2.1)
is equivalent to (2.2). Hence this shows that the sequences {u, } and {v, } are well defined.

Step 2. We claim that the sequence {z,} is bounded. Indeed, let z* = [u*, v*] be a solution
of system (1.2). Then we have that

(Fu®* —v*,u —u*)y >0, ue€ D(F),
(Kv*+u*,v—2v*) >0, ve DK),

which implies that
(T7*,z—2")>0, Vz=[u,v]le D).
Since T : D(T) — E is pseudomonotone, we obtain that
(Tz,z—2") >0, Vz=[u,v]e D).
Let r > 1 be sufficiently large such that zg € B,(z*) and w € B% (z*). Set

M = [2r + sup{||Tzu |l : 20 € By ()}

In order to prove the boundedness of {z,}, it suffices to show that {z,} is a sequence in
B = B,(z*). We do this by induction. Note that zop € B by assumption. Hence we may
assume z, € B. In order to prove that z, 41 € B, suppose to the contrary z,41 is not in B.
Then ||z,4+1 — z*|| > r and thus from (2.2) we have that

lznr1 — 2% < (1 = o) llza — 27|
+ anll Ppryx k) (@n — An(Tzn + 0, (zn — w))) — 2*||
< —ap)llza —2*|
+onllzn — A (Tzn + 04 (2 — w)) — 2%
< llzn — 2"l + anrulI Tzull + 0tnrnOpllzn — wl|

<r++M.
Moreover, from (2.2) and the fact that 6, < 1, we get that

lzn1 = 251 < (4 = aw)llzn — 2*)17
+apllzn — 2% = A (Tzp + 0p(zn — w))”z
<1 —ap)llzy —z* ”2 + aplllzn — Z*”z
=20 (Tzny 20 — 2%) = 20000 {20 — w, 2 — 2%)
+ Ml Tzn + O (zn — w7 24
<llzn — Z*”z = 20520 (T 2, 20 — 2°)
= 20y 2O (20 — w, 2y — 2¥)
+ an 2T znll 4 Onllzn — wlT?
<llzn — Z*Hz — 20, A 0n (20 — W, 2y — 25) +ank%M«
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. 2 N % o -
Let« > 0 be sufficiently small such thatk < 7 ((1+ NG W) and let d := \/k. Then since

lzus1 — z*|l > llzn — z*|| by our assumption, from (2.4) we conclude that
20y Anbn(zn —w, 2, —2°) < Ol,,)\ﬁM,

and hence

(zn —w,zp — 2%) < <

3

M M
—K
2

(since g—;‘ <k =d*Vn>0 by our assumption). Now adding (w — z*, z, — z*) to both
sides of this inequality we get that

IA

lzn — 211> < %o + (w — 2, 24 — 2%)

IA

M
S+ llw = 2¥lllzn — 2|l

IA

M
K+ 5llzn — ¥

Solving this quadratic inequality for ||z, — z*| and using the estimate
r i - r i
16271

we obtain that

hon =l < -+ L
-2 2

But in any case,

lznt1 — 2l < (1 — ap)llzn — 27|
+apllzy — =Tz + On(zn — w))|l
< lzn = 2%l + anAn 1T zn + 6p (20 — W)

< llzn = 2% + An (1T 20|l + Onllzn — wlD)
<5+ Hk+rvM
< %+%§«/KM
r 14++/2 . r V2 WV
<3t rmvavm VM
5=

by the original choices of x and A, and this contradicts the assumption that z,,41 is not in B.
Consequently, z,4+1 € B and hence {z,} lies in B. This shows that {z,,} is bounded.
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Step 3. We claim that lim;,—, o0 d(z,,, 2) = 0. Indeed, let Z = [i, 0] € Q2 be arbitrary but
fixed. Utilizing the same method as in the reasoning of (2.4), we deduce that

||Zn+l - 2“2 < ”Zn - 2”2 - 2An“n<TZns in — 2)
— 20,200 {2n — W, 2 — 2)
+ o A2 [T zn || + Onllzn — w1
=< ”Zn - 2”2 — 20,140 <Zn — W, Zp — 2)
+ o A2 [T zn || + Onllzn — w1
< llzn = 2I% + 2nbn - 20120 — wllllzn — 2l
+ 220 Tzl + llzn — wl1? (2.5)
< llzn = 2I% + 2nbulllzn — wI* + llzn — 201°]
+ 22U T zall + llzn — wli?
< L+ 20 120 — 212 + Anbpllzn — wll?
+ 22U T zall + llzn — wli?
< (I + X0 llzn — 2”2 + ()\,% + 2O Tz |l + llzn — w”]2
= (14 Mb)llzn — 2117 + W2 + 1n60) Mo,

where My := sup{[||Tzall + llzn — w||]> + 1 : n > 0} < oo (since T is bounded, and {z,}
is bounded by Step 2). Also since lim,,_, o 1, /6, = 0, it is clear that there exists an integer
ng > 0 such that A, < 6,,Vn > ng. Thus, according to the condition Z;’lozo IOy < 00,

we conclude that 3% /12 < oo, and hence > 02 (A2 + A,0,) Mo < co. Now, taking the
infimum over all Z = [u, 1] € ©, we deduce from (2.5) that

[d@nt1, DV < (1 + 2nbn)[dzn, D1 + Oy + 2nn) Mo. (2.6)
Consequently, lim,,_, «, d(z,, 2) exists by Lemma 1.3. This shows that

lim d(z,, Q) = liminf d(z,, Q) = 0.
n—o0o n—0oo

Step 4. We claim that {z,,} is a Cauchy sequence in D(T'). Indeed, put §,, := ()L% + Xn0,) My
for all n > 0. From (2.5) we derive for eachn > 0

lzns1 — 212 < (1 +8)llzn — 212 + 84, VZeQ, (2.7)
where >° 1§, < co. Now put
_ o0
M=]]a+s,
n=0

then 1 < M < oo. Since limy,— 0 d(z,, 2) = 0 by Step 3, for arbitrary ¢ > 0 there exists
an integer n1 > 0 such that

d(zn, Q) < &/V8M, ¥n=>ni.

Furthermore, > > ; 8, < oo implies that there exists an integer n, > 0 such that Z;’in )

82/(81\71), Vn > nj. Choose Ng = max{ny, na}.

5j<
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Observe that (2.7) yields

A

lzns1 — 2017 < (148 + 8p—Dllza—1 — 2l + (1 + 8)8u—1 + 84
n n—1 n
[Ta+spien -2+ > 8 [T a+60+s,

j=No j=No i=j+1 (2.8)

n
< Mlllzng — 217+ D 8.
J=No

IA

A

Note that d(2xy, ) < 2= and X%y 8 < 5. Thus forall n,m = No and all £ € 2

we have from (2.8)

lizn — zml? < [llzn — 20 + llzm — 2017
<2llzn — 21 + 2llzm — 2112

n m
<2M[lzn, — 212+ D 81+ 2M(llzn, — 2P+ D 851
j=Np j=No 2.9)

o0
<4Mllizy, — 217+ D 81
_ j=2N0
< 4Mllzny — ZI1P + 57

Taking the infimum over all Z € 2, we obtain

lzn — zml* < 4M ([d(zNo, QP + ‘92~) <4M (‘Qi + Si) =2,
8M SM  8M

and hence ||z, — z || < &. This shows that {z,}7° , is a Cauchy sequence in D(T).

Step 5. We claim that {z,,} converges strongly to an element of 2. Indeed, note that {z,};° ,
is a Cauchy sequence in D(T) by Step 4. Let lim,,~ 2z, = z € D(T) (since D(T) is
closed), where z = [u,v]. Since F : D(F) C H - Hand K : D(K) C H - H
are continuous mappings, it is easy to verify that €2 is closed. Therefore, from the fact that
lim,, o0 d(z,,, ) = 0, we must have that 7 € Q.

Theorem 2.2 Let H be a real Hilbert space. Let F : D(F) € H — H, K : D(K) C
H — H be bounded mappings such that 7 : D(T) — E is strongly pseudomonotone with
constant k > 0 where D(F) and D(K) are closed convex subsets of H. Suppose that Q2 = .
Let {a,,}, {An} and {6, } be real sequences in (0, 1] satisfying the following conditions:

1) limyse0 6y =0;
() D02 anhy = 00, limy_oo An/6y = 0;

Let sequences {u,} € D(F) and {v,} € D(K) be generated from ug € D(F) and
vo € D(K), respectively, by

[ upt1 = (1 —op)uy + anPD(F)(un — A (Fup — vy + 0y (uy — wy))), 2.1)

Un+1 = (1 - an)vn +0511PD(K)(U11 - )\n(Kvn +uy + en(vn - w2)))7

where w; € D(F), wy € D(K) are arbitrary but fixed. Then there exists d > 0 such that
whenever A, < d and X,/0, < d? for alln > 0, {z,} converges strongly to the unique
solution of system (1.2), where z,, = [u,, v,] for alln > 0.
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Proof Let Z and Z be two arbitrary elements in € with z = [i, v] and Z = [u, 0], where
i,u € D(F)and v, € D(K). Then z, z € D(T). Moreover, we have

(Fiu —v,u —i) >0,
(Kv+u,0—1) >0,
(Fio — 0,u —u) >0,
(Kv+a,v—1)>0.
Consequently, we obtain
(Tz,z—%z) =0, (2.10)
(Tz,z—2) = 0. (2.11)

Since T is strongly pseudomonotone with constant « > 0, hence from (2.10) and (2.11) it
follows that

0> (Tz,2-72) >kl -z

Thus Z = z. This implies that €2 is a singleton. Let 2 = {z}.
Next, we divide the remainder of the proof into several steps.

Step 1. As in Step 1 of the proof of Theorem 2.1, we can prove that the sequences {u, } and
{v,} conforming to (2.1) are well defined.

Step 2. As in Step 2 of the proof of Theorem 2.1, we can prove that the sequence {z,} is
bounded.

Step 3. We claim that the sequence {z,} converges strongly to the unique solution Z of system
(1.2). Indeed, utilizing the same method as in the reasoning of (2.4), we deduce that

||Zn+l - 2”2 < ”Zn - 2”2 - 2an)\n<TZn’ in — 2)
— 20ty An6p <Zn — W, n — 2)
+ an A2 Tzl + Onllzn — wli?
< (1 —=2xkayiy)llzn — 2”2 — 20, 10n(zn — w, 2 — 2)
+ a2 Tzl + llzg — wlT?
< (1= 2kanhn)llzn — 212 4 200 An6pllzn — wllllzn — 2|l
+ a2 Tzl + llza — w1
< (1 = 2kanrn)llzn — 2% + tnrnby M + @y A2 M,

2.12)

for some constant M > 0 (since {z,,} and {T z,} are bounded). Since fo:o 2k0pA, = 00,
and

A

AnOu M M M
im 2ntnOnM Ao M M g, 43 =0,
n—00 2K

1n—>00 2K 0 Ay

Thus, by Lemma 1.1 we know that {z,} converges strongly to the unique solution Z of sys-
tem (1.2). m]

Theorem 2.3 Let H be a real Hilbert space. Let F : D(F) € H — H, K : D(K) C
H — H be bounded monotone mappings with R(F) € D(K), where D(F) and D(K) are
closed convex subsets of H satisfying property (P). Suppose that N(T) := {z* € D(T) :
Tz* =0} # 0. Let {a,}, {An} and {6, } be real sequences in (0, 1] satisfying the following
conditions:
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(i) limy— o0 6y = 0;
(1) D02 enhpby = 00, lim,_ o0 Ay /0y = 0;

(=L -1)
cen 1 . _
(i)  limy_ s aa = 0.

Let sequences {u,} € D(F) and {v,} € D(K) be generated from ug € D(F) and
vo € D(K), respectively, by

upy1 = (I —ay)u, + OlnPD(F)(un — A (Fup — vy + 0y (uy — wy))),
Vpr1 = (I —ay)vy “l‘anPD(K)(Un — M (Kvy 4y + 0, (v — w2))),

2.1)

where w; € D(F), wy € D(K) are arbitrary but fixed. Then there exists d > 0 such that
whenever A, < d and A,/6, < d* foralln > 0, {z,} converges strongly to an element
7% = [u*, v*] of Q with Tz* = 0, where z,, = [u,, v,] foralln > 0.

Proof Since K and F are bounded monotone mappings, we have by Lemma 1.2 that 7 is a
bounded monotone mapping. Moreover, since D (F) and D(K) satisfy property (P), we have
that T satisfies the range condition. Furthermore, we observe that if z* = [u*, v*] € N(T)
then z* € Q, i.e., 2 # ¥ and that the monotonicity of 7 implies the pseudomonotonicity
of T.

Next, we divide the remainder of the proof into several steps.

Step 1. As in Step 1 of the proof of Theorem 2.1, we can prove that the sequences {u, } and
{v,} conforming to (2.1) are well defined.

Step 2. As in Step 2 of the proof of Theorem 2.1, we can prove that the sequence {z,} is
bounded.

Step 3. We claim that {z,,} converges strongly to an element z* = [u*, v*]of Q with Tz* = 0.
Indeed, since T satisfies the range condition, so does 0~ for ® > 0. Thus for each n > 0
there exists a unique y, € D(T) such that

>m=u+$fr%w. @.13)

This together with (2.2), yields that

lZns1 — yull?

<A =aw)lzn — yal> + anllzn — Yn = 2a(Tzp + Op(zn — w)) |2

= (1= an)llza — yull* + cnlllzn — yull> = 220 (T 2p + Op(zn — w), 24 —
+ A2 T 20 4 60 (20 — w)[I*]

< (1 - 2a11)\n9n)||zn - yn||2 - 2an)‘-n<TZn + 9n(yn - w), in — yn>

+ o A2 1Tz + Op(zn — w)|I.

M) 014

Moreover, since from (2.13) we have that 6, (w — y,,) = Ty,, we obtain that (T z,, + 6, (y,, —
w), zn — yn) > 0. Furthermore, {z,} and hence {Tz,} are bounded. The sequence {y,} is
also bounded, because it is convergent by Theorem SR. Thus, there exists M| > 0 such that
T zn + 6,(zn — w)||*> < M. Therefore, inequality (2.14) gives

lzns1 = yull® < (1= 200 200) 120 — Yull* + Mictad. (2.15)
On the other hand, by the monotonicity of 7" we have that
1Yn—1 = Y + 5 (Tyn—1 = Tya)
61—, On—
Z =1l + wl) = g = Dlya—1ll + wlD.

lyn—1 — yull

=
=
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Therefore, this estimate together with (2.15) yields that

9}171

On

lznt1 = yall> < (1 = 2002n0) 120 — yu—1l* + M2 ( - 1) + Maay)y,
for some constant M, > 0. Thus by Lemma 1.1, z,4+1 — y, — 0. Hence, since by Theorem
SR, y, — z* = [u*, v*] € N(T), we have z,, — z*. O

Theorem 2.4 Let H be a real Hilbert space. Let F, K : H — H be bounded monotone
mappings. Suppose there exist u?, v° € H such that

IF@® — )2 + 1K +u®)> <7 < Liminf  (|Fu—v|> 4+ [Kv +ul),
u,veH, |ul,||v|]|—o0
for some r > 0. Let {«,}, {A,} and {0,} be real sequences in (0, 1] satisfying the following
conditions:

1) im0y =0;
(i1) Z,C;O:o QpAnby =00, lim, o0 Ay /0, = 05

(=t
ey 1 . _
(i)  limy,— oo g = 0.

Let ug, vo € H be arbitrary, and let sequences {u,} and {v,} be generated from u and vy,
respectively, by

(2.16)

Upy1 = Uy — Ay (Fupy — vy + 60, (uy — wy)),
Vptl = Uy — Aphpn(Kvy +uy + 6, (v, — w2)),

where w € H. Then there exists d > 0 such that whenever X, < d and A, /6, < d? for
all n > 0, {z,} converges strongly to an element z* = [u*, v*] of Q with Tz* = 0, where
Zn = [un, v,] foralln > 0.

Proof Since F and K are bounded continuous monotone mappings, it is known that 7' :
E — E defined by Tz = T[u,v] := [Fu — v,u + Kv] is also a bounded continuous
monotone mapping and hence by Theorem 2 of [10], T satisfies the range condition. Clearly,
T is maximal monotone. Moreover, for z° = [u°, v°] € E,

1T = I1T[u®, 01 = (IF@® — )12 + | Ko + u®H)/2 < r1/2
liminf  (|Fu —v|)* + |Kv + u|?)

u,veH, [|ull.|[v]|—o0

= liminf | Tz]|.
lzll—o00

1/2

IN

Thus by Theorem TZ we have that N(T) # ¢ and hence by Theorem 2.3 we obtain that
Zn = [un, vp] = 2% = [u*, v*] € N(T), i.e., an element of Q.

Theorem 2.5 Let H be a real Hilbert space. Let F : D(F) C H —- H,K : D(K) C H —
H be bounded uniformly monotone mappings with R(F) € D(K), where D(F) and D(K)
are closed convex subsets of H. Suppose that N(T) := {z* € D(T) : Tz* = 0} # (. Let
{a,} and {1} be real sequences in (0, 1] satisfying the following conditions:

(1) ]imn—>oo An = 0;
(i) 2,20 %nhy = 00;
(i) D00, anhr2 < oo

@ Springer



J Glob Optim (2008) 41:465-478 477

Let sequences {u,} € D(F) and {v,} € D(K) be generated from ug € D(F) and
vo € D(K), respectively, by

upe1 = (I —op)u, + anPD(F)(un — M (Fuy, —vy)),

2.17
Upt1 = (1 —ay)v, +anPD(K)(Un — A (Kvy 4+ uyp)). ( )

Then there exists d > 0 such that whenever A, < d foralln > 0, the sequence {z, } converges
strongly to an element Z = [it, 0] of Q with N(T') = {z} where z,, = [u,, v,] forall n > 0.

Proof Since F and K are bounded uniformly monotone mappings, it is known that 7 is a
bounded uniformly monotone mapping, that is, for each z1, zo € D(T) there exists a strictly
increasing function ¢ : [0, co) — [0, co) with ¢(0) = 0 such that

(Tz1 — Tz2,21 — 22) = ¢(llz1 — 221D.

Thus it is obvious that 7 is pseudomonotone. Also since N(7') # @, we get that Q # @.
Next we divide the remainder of the proof into several steps.

Step 1. We claim that the sequences {u,} and {v,} conforming to (2.1) are well defined.
Indeed, for initial point zo := [ug, vo], define the sequence {z,} by

Znt1 = (I —ay)zn + @y PpryxD(K) (Zn — AnT2p). (2.18)
As in Step 1 of the proof of Theorem 2.1, we can prove that the sequences {u,} and {v,}

conforming to (2.17) are well defined.

Step 2. As in Step 2 of the proof of Theorem 2.1, we can prove that the sequence {z,} is
bounded.

Step 3. We claim that the sequence {z,} converges strongly to an element Z = [z, 0] of
with N(T) = {z}. Indeed, let Z = [it, 0] € N(T) be arbitrary but fixed. utilizing the same
method as in the reasoning of (2.4) and noticing that 7Z = 0, we deduce that

lzng1 — 21 < llzn — 212 = 200 An (T 2y 20 — 2) + A2 1| Tz, ||
< llzn = 21? = 2aphnd (lzn — 21) + n X2 Tzal1? (2.19)
< (I = 204240 (Zn, )20 — 2”2 + an)\ﬁM*

for some constant M, > 0 (since {z,} and {T'z,} are bounded), where

#lzn — 21D
L4+ llzn — 21D + llzn — 2112

0(zn, %) =
Then it follows from (2.19) that
Izn1 = 217 < llzw — 20 + ctn ks M. (2.20)
Now, put 6, = 0 and b, = anA,ZlM* for all n > 0. Then (2.20) can be rewritten as
lznr1 = 217 < (L4 8)llzn — 21 + by

Since >0 (8, < oo and Y27 b, < 0o, by Lemma 1.3 we know that lim,,_, o0 [z, — Z||
exists. Suppose lim, .~ [z, — Z|l = § > 0. We can prove that § = 0. Suppose on the
contrary, § > 0. Let Ng > 0 be an integer such that ||z, — Z|| > % Vn > Ny. Then

)
dlzn —2l) = @ (5) >0, Vn=>Np.
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Since ||z, — z|| < D, ¥n > 0 for some D > 0, from (2.19) we obtain that

5y(5y2 R .
20, 23 < 20,70 (Zp, Dllzn — Z||2 (2.21)

(D D = : L
< llzn = ZlI* = llzn+1 — 2l +05n)\nM*

for all n > Nj. Since ZZO:O anki < 00, from (2.21) we derive ZZO:O aph, < 00, which
contradicts the condition ZZOZO aphry, = oo. Thus, § = 0. This implies that {z,,} converges
strongly to Z. According to the uniqueness of the limit, N (T) is a singleton.
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